We introduce and study the Congruence Boolean Lifting Property (CBLP) for congruence-distributive universal algebras, as well as a property related to CBLP, which we have called (⋆). CBLP extends the so-called Boolean Lifting Properties (BLP) from MV-algebras, BL-algebras and residuated lattices, but differs from the BLP when particularized to bounded distributive lattices. Important classes of universal algebras, such as discriminator varieties, fulfill the CBLP. The main results of the present paper include a characterization theorem for congruence-distributive algebras with CBLP and a structure theorem for semilocal arithmetical algebras with CBLP. When we particularize the CBLP to the class of residuated lattices and to that of bounded distributive lattices and we study its preservation by the reticulation functor between these classes, interesting properties concerning the image of this functor are revealed.
Introduction
A unital ring has the Idempotent Lifting Property (ILP) iff its idempotents can be lifted modulo every left ideal. The ILP is closely related to important classes of rings such as clean rings, exchange rings, Gelfand rings, maximal rings etc.. Several algebraic and topological characterizations of commutative unital rings with ILP are collected in [17, Theorem 1.7] .
In studying the ILP for commutative unital rings, it is essential that the set of idempotents of a commutative unital ring R is a Boolean algebra (called the Boolean center of R). There are many algebraic structure to which one can associate a "Boolean center": bounded distributive lattices, lu-groups, MV-algebras, BL-algebras, residuated lattices etc.. For all of these algebras, a lifting condition for the elements of the Boolean center, similar to the ILP for rings, can be defined. In [10] , [11] and [6] , we have defined and studied the Boolean Lifting Properties for residuated lattices and bounded distributive lattices, we have provided algebraic and topological characterizations for them, and established links between them, by means of the reticulation functor ( [9] , [18] , [19] , [20] , [21] , [22] , [23] ).
The issue of defining a condition type Boolean Lifting Property in the context of universal algebras naturally arises. Such a condition needs to extend the Boolean Lifting Properties in the particular cases of the structures mentioned above, thus, first of all, it needs to be defined for a class of universal algebras which includes these particular kinds of structures. This idea has started the research in the present paper. The Congruence Boolean Lifting Property (CBLP), which we study in this article, is a lattice-theoretic condition: a congruencedistributive algebra A has CBLP iff its lattice of congruences, Con(A), is such that the Boolean elements of each of its principal filters are joins between the generator of that filter and Boolean elements of Con(A). CBLP is the transcription in the language of universal algebras of property (3) from [2, Lemma 4] . In the particular For every bounded distributive lattice L, we shall denote by B(L) the Boolean center of L, that is the set of the complemented elements of L. Then B(L) is a Boolean algebra, and, given any bounded distributive lattice M and any bounded lattice morphism f : L → M , the image of the restriction B(f ) of f to B(L) is included in B(M ). Thus B becomes a covariant functor from the category of bounded distributive lattices to the category of Boolean algebras.
Clearly, if (L i ) i∈I is an arbitrary family of bounded distributive lattices, then B(
A congruence θ of A is called a factor congruence iff there exists θ * ∈ Con(A) such that θ ∨ θ * = ∇ A , θ ∧ θ * = ∆ A and θ and θ * permute. In other words, the factor congruences of A are the elements of B(Con(A)) that permute with their complement. If the algebra A is arithmetical, then it is congruence-permutable, thus the set of its factor congruences coincides to B(Con(A)).
All finite direct products of algebras in this paper are considerred non-empty.
Lemma 2. 5. [14] Let n ∈ N * and consider n arithmetical algebras, A 1 , A 2 , . . ., A n . Then the following are equivalent: (i) A is isomorphic to the direct product
(ii) there exist α 1 , . . . , α n ∈ B(Con(A)) such that α i ∨ α j = ∇ A for all i, j ∈ 1, n such that i = j,
and A i is isomorphic to A/ α i for each i ∈ 1, n.
For every bounded distributive lattice L, we denote by Id(L) the lattice of ideals of L, by Spec Id (L) the set of the prime ideals of L, by Max Id (L) the set of the maximal ideals of L and by Rad Id (L) the intersection of all maximal ideals of L. L is said to be Id-local iff it has exactly one maximal ideal.
We recall that a bounded distributive lattice L is called:
• a normal lattice iff, for every x, y ∈ L such that x ∨ y = 1, there exist e, f ∈ L such that e ∧ f = 0 and x ∨ e = y ∨ f = 1;
• a B-normal lattice iff, for every x, y ∈ L such that x ∨ y = 1, there exist e, f ∈ B(L) such that e ∧ f = 0 and x ∨ e = y ∨ f = 1;
• a conormal lattice iff its dual is normal;
• a B-conormal lattice iff its dual is B-normal.
Throughout the rest of this section, L will be a bounded distributive lattice. Throughout the rest of this paper, by lattice we shall mean bounded distributive lattice.
Clearly, any B-normal lattice is normal, and any B-conormal lattice is conormal.
Lemma 2. 6. [4] The following are equivalent:
• L is Id-local;
• for all x, y ∈ L, x ∨ y = 1 implies x = 1 or y = 1.
In this section, we obtain a series of results concerning the congruences of finite and those of arbitrary direct products of congruence-distributive algebras from an equational class, results which we need in the sequel. Throughout the rest of this paper, τ will be a universal algebra signature, C shall be an equational class of congruence-distributive τ -algebras and, unless mentioned otherwise, A will be a non-empty algebra from C, with support set A. See the notations in Section 2 for what follows.
Lemma 3.1. Let n ∈ N * , A 1 , . . . , A n be algebras from C, with support sets A 1 , . . . , A n , respectively, and assume
. . , A n be algebras from C, and assume that A = n i=1 A i . Then:
(ii) the function h :
, it follows that g = B(f ), the image through the functor B of the bounded lattice isomorphism f from Lemma 2.1, (iii), hence g is a Boolean isomorphism.
(ii) With the notations in Lemma 3.1, (i) , if X 1 , . . . , X n are finite, then X is finite, hence, if
, thus h is well defined. With the notations in Lemma 3.1, (ii) , if X is finite, then X 1 , . . . , X n are finite, thus h is surjective. Finally, since h is the restriction to
from Lemma 2.1, (iii), and f is injective, it follows that h is injective. Therefore h is bijective.
Lemma 3.3. Let (A i ) i∈I be a non-empty family of non-empty algebras from C, assume that A = i∈I A i , let J be an arbitrary non-empty set and, for every
Proof. For all i ∈ I, let A i be the support set of A i and
, hence the equality in the enunciation.
Lemma 3. 4 . Let (A i ) i∈I be a non-empty family of non-empty algebras from C, and assume that A = i∈I A i .
Then:
Con(A i ), it follows that i∈I θ i ∈ Con(A) and, for each j ∈ 1, n, pr j (
(ii) for any θ ∈ Con(A), it follows that: for each i ∈ I, pr i (θ) ∈ Con(A i ), and θ ⊆ i∈I pr i (θ);
(iii) the function f :
injective bounded lattice morphism.
Proof. For every i ∈ I, let A i be the support set of
Con(A i ), and let ω be an operation symbol from τ , of arity k ∈ N * . For each j ∈ 1, k, (i) ensures us that the image of f is, indeed, included in Con(A). Bounded distributive lattices form an equational class, thus i∈I Con(A i ) is a bounded distributive lattice, with the operations defined componentwise; from this it is straightforward that f is a bounded lattice morphism. The injectivity of f follows from the second statement in (i) .
Throughout the rest of this paper, we shall assume that all non-empty algebras from C fulfill the hypothesis (H) (see Section 2).
. ., A n be non-empty algebras from C, and assume that
Proof. (i) It is immediate that, for every i ∈ 1, n and every
Assume by absurdum that there exists a j ∈ 1, n such that j = i and
∇ A , which is a contradiction to the maximality of φ. Hence
It is clear that the proper congruence φ i ∈ Max(A i ), because otherwise we would get another contradiction to the maximality of φ.
Therefore Max(A) has the form in the enunciation, otherwise written Max(A) =
, from which the expression of its cardinality follows by noticing that, since
. . × {∇ An }, with i ∈ 1, n, are mutually disjoint, and that they are in bijection to the sets Max(A i ), with i ∈ 1, n, respectively. The formula of Rad(A) now follows by Lemma 3.3. (ii) 
Now let φ ∈ Spec(A), so φ is a proper congruence of A, from which, just as above for maximal congruences, we get that, if φ = φ 1 × . . . × φ n , with φ k ∈ Con(A k ) for all k ∈ 1, n, then there exists an i ∈ 1, n such that φ i is a proper congruence of A i . If there also exists a j ∈ 1, n with j = i and φ j a proper congruence of A j , then, by denoting α = φ 1 × . . .
we get that α ∩ β = φ, but α φ and β φ, which is a contradiction to the primality of φ.
but α φ and β φ, which is a contradiction to the primality of φ. Hence φ i ∈ Spec(A i ).
Therefore Spec(A) has the form in the enunciation, otherwise written Spec
. . × {∇ An }, with i ∈ 1, n, are mutually disjoint, and that they are in bijection to the sets Spec(A i ), with i ∈ 1, n, respectively. Proposition 3.6. Let (A i ) i∈I be a non-empty family of non-empty algebras from C, and assume that A = i∈I A i .
Proof. (i) For every j ∈ I, the following hold:
Max(A j )}, and the latter set is isomorphic to Max(A j ), so its cardinality coincides to |Max(A j )|. Therefore,
, and the sets in this union are, obviously, mutually disjoint, hence
(ii) Analogously to (i) , but applying Proposition 3.5, (ii) , instead of Proposition 3.5, (i).
Introducing the Congruence Boolean Lifting Property
In this section we introduce the property we call CBLP, which constitutes the subject of this paper, identify important classes of congruences and classes of algebras which fulfill CBLP, prove a structure theorem for algebras with CBLP, and study CBLP in quotient algebras, in direct products of algebras and in relation to other significant properties concerning congruence-distributive algebras. Throughout this section, θ shall be a congruence of A. Let us consider the functions u θ : Con(A) → Con(A/θ) and v θ : Con(A) → [θ), defined by: for all α ∈ Con(A), u θ (α) = (α ∨ θ)/θ and v θ (α) = α ∨ θ. (ii) the first diagram below (in the category of bounded distributive lattices) is commutative, and hence the second diagram below (in the category of Boolean algebras) is commutative; since s θ is a bounded lattice isomorphism (see Section 2), it follows that B(s θ ) is a Boolean isomorphism:
The following are equivalent:
Assume that θ ⊆ Rad(A) and θ ∈ B(Con(A)). The fact that θ ∈ B(Con(A)) means that there exists φ ∈ Con(A) such that θ ∩ φ = ∆ A and θ ∨ φ = ∇ A . Now the fact that θ ⊆ Rad(A), that is θ ⊆ µ for all µ ∈ Max(Con(A)), shows that φ ∨ µ = ∇ A , for all µ ∈ Max(Con(A)). Assume by absurdum that φ = ∇ A . Then φ ⊆ µ for some µ ∈ Max(Con(A)), according to Lemma 2.2. We get that
Proof. Since s θ is a bounded lattice isomorphism, it follows that B(s θ ) is a Boolean isomorphism. Now Lemma Definition 4.6. Let Ω ⊆ Con(A). We say that A has the Ω-Congruence Boolean Lifting Property (abbreviated Ω-CBLP) iff every ω ∈ Ω has CBLP. We say that A has the Congruence Boolean Lifting Property (CBLP) iff A has Con(A)-CBLP.
The definition of CBLP is inspired by a property in [2, Lemma 4] .
In what follows, the complementation in the Boolean algebra B(Con(A)) shall be denoted by ¬ , and, for every φ ∈ Con(A), the complementation in the Boolean algebra B([φ)) shall be denoted by ¬ φ .
Remark 4.7. If θ ∈ Max(A), then the following hold:
• Con(A/θ) = {α/θ | α ∈ [θ)} = {θ/θ, ∇ A /θ}, with θ/θ = ∇ A /θ, because s θ is injective (see Section 2); thus Con(A/θ) is the two-element chain, which is a Boolean algebra, thus B(Con(A/θ)) = Con(A/θ) = {θ/θ, ∇ A /θ}.
)}, hence the equalities above.
(ii) This is part of Remark 4.7, but also follows from (i) and Lemma 2.2, (i).
(ii) By (i) and Remark 4.8. Lemma 4.12. B(Con(A)) ⊆ K(A).
Proof. By Lemma 2.4, both inclusions hold.
(ii) If every non-empty algebra N from C has B(Con(N )) = K(N ), then every non-empty algebra from C has CBLP.
Proof. (i) If
A and A/θ are such that their Boolean congruences coincide to their compact congruences, then, by Corollary 4.13,
Since A is an arbitrary non-empty algebra from C, it follows that every non-empty algebra from C has CBLP.
Corollary 4.15. Any bounded distributive lattice has CBLP.
Proof. By Proposition 4.14 and the fact that, if A is a bounded distributive lattice, then, according to [3, p. 127
Now let us recall some definitions and results from [14, Chapter 4] and [5, Chapter IV, Section 9] concerning discriminator varieties. The discriminator function on a set A is the mapping t :
A discriminator term on the algebra A is a term from the first order language associated to τ with the property that t A is the discriminator function on A. The algebra A is called a discriminator algebra iff there exists a discriminator term on A. An equational class D is called a discriminator equational class iff it is generated by a class of algebras which have a common discriminator term (equivalently, iff the subdirectly irreducible algebras from D have a common discriminator term).
Proposition 4. 16. [14] Let D be a discriminator equational class and A be an algebra from D. Then:
• A is an arithmetical algebra;
• any compact congruence of A is principal;
• any principal congruence of A is a factor congruence.
Corollary 4.17. All non-empty algebras from a discriminator equational class which satisfy (H) have CBLP.
Proof. Let D be a discriminator equational class and A be an algebra from D which satisfies (H). Then, by Proposition 4.16, A is an arithmetical algebra, thus its set of factor congruences coincides to B(Con(A)), hence K(A) ⊆ B(Con(A)). By Lemma 4.12, the converse inclusion holds, as well. Therefore B(Con(A)) = K(A), so A has CBLP by Proposition 4.14.
Remark 4.18. Among the discriminator equational classes with all members satisfying (H), there are important classes of algebras of logic such as: Boolean algebras, Post algebras, n-valued MV-algebras, monadic algebras, cylindric algebras etc.. Recently, in [16] , it has been proven that Gödel residuated lattices form a discriminator equational class. By Corollary 4.17 , it follows that all the algebras in these classes have CBLP.
For any θ ∈ Con(A), we shall denote by V (θ) = {π ∈ Spec(A) | θ ⊆ π} and by D(θ) = Spec(A) \ V (θ).
Lemma 4. 19 . Let σ, τ ∈ Con(A), I be a non-empty set and (θ i ) i∈I ⊆ Con(A). Then: (ii) , (iii) and (iv).
Lemma 4.20. Let σ, τ ∈ Con(A). Then: D(σ) = V (τ ) iff σ, τ ∈ B(Con(A)) and τ = ¬ σ.
Proof. By Lemma 4.19, (i) , (ii) , (iii), (iv) and (vi), the following hold:
and σ ∩ τ = ∆ A iff σ, τ ∈ B(Con(A)) and τ = ¬ σ. 
Proof. The set of the closed sets of the topological space (Spec(A), {D(θ) | θ ∈ Con(A)}) is {V (θ) | θ ∈ Con(A)}). Hence a subset S ⊆ Spec(A) is clopen in this topological space iff S = D(σ) = V (τ ) for some σ, τ ∈ Con(A), which is equivalent to σ, τ ∈ B(Con(A) and τ = ¬ σ according to Lemma 4.20. Hence, by Lemma 4.20, S is clopen iff S = V (τ ) for some τ ∈ B(Con(A).
We recall that a topological space (X, T ) is said to be strongly zero-dimensional iff, for every U, V ∈ T such that X = U ∪ V , there exist two clopen sets C and D of (X, T ) such that
Note 4.22. The equivalence between statements (i) and (ii) in the next proposition is implied by [2, Lemma 4] in the particular case when the intersection in Con(A) is completely distributive with respect to the join. (ii) the lattice Con(A) is B-normal; (iii) for any n ∈ N * and every
(v) for any n ∈ N * and every
(ii)⇒(i): Let θ ∈ Con(A) and let us denote by v = B(v θ ) : B(Con(A)) → B([θ)). Let φ ∈ B([θ)), so that there exists ψ ∈ Con(A) such that φ ∨ ψ = ∇ A and φ ∧ ψ = θ, that is ψ = ¬ θ φ. Since φ ∨ ψ = ∇ A and Con(A) is B-normal, it follows that there exist α, β ∈ B(Con(A)) such that α ∩ β = ∆ A and
Since the lattice Con(A) is algebraic, it follows that there exist (φ i ) i∈I ⊆ K(A) and (ψ j ) j∈J ⊆ K(A) such that φ = i∈I φ i and ψ = j∈J ψ j , thus (ii)⇒(iii): Assume that the lattice Con(A) is B-normal, and let n ∈ N * and φ 1 , . . . , φ n ∈ Con(A) such that φ 1 ∨ . . . ∨ φ n = ∇ A . Then, by [6, Proposition 12] , it follows that there exist β 1 , . . . , β n ∈ B(Con(A)) such that
(iv)⇒(v): We apply induction on n ∈ N * . For n = 1, we have φ 1 = ∇ A . We may take α 1 = ∆ A ∈ B(Con(A)), and we get
Now assume that the statement in (v) is valid for some n ∈ N * , and let φ 1 , . . . , φ n+1 ∈ K(A) such that
, by the hypothesis (iv), it follows that there exist α, β ∈ B(Con(A)) such that α ∩ β = ∆ A , φ n+1 ∨ β = ∇ A and ( Lemma 4.12 , hence φ 1 ∨ α, . . . , φ n ∨ α ∈ K(A), thus, by the induction hypothesis, it follows that there exist γ 1 , . . . , γ n ∈ B(Con(A)) such that γ 1 ∩ . . . ∩ γ n = ∆ A and
, which means that σ∨τ = ∇ A , according to Lemma 4.19, (i) , (iv) and (vi). Since the lattice Con(A) is B-normal, it follows that there exist α, β ∈ B(Con(A)) such that α ∩ β = ∆ A and α ∨ τ = β ∨ σ = ∇ A , hence β ⊆ ¬ α and thus ¬ α ∨ σ = ∇ A . We have obtained Lemma 4.19, (v) . By Lemma 4.19, (i) , (ii) , (iii) and (iv) 4.21, D(α) and D(¬ α) are clopen sets of the topological space (Spec(A), {D(θ) | θ ∈ Con(A)}). Therefore this topological space is strongly zero-dimensional. Lemma 4.19, (iv) and (i) . By the hypothesis of this implication and Lemma 4.21, it follows that there exist α, β ∈ B(Con(A)) such that 4.19, (i) , (ii) , (iii), (iv) and (vi), it follows that Con(A i ). By [6, Propositions 12 and 13] ,
is B-normal iff, for all i ∈ 1, n, Con(A i ) is B-normal. By Proposition 4.23, we obtain that: A has CBLP iff Con(A) is B-normal iff, for all i ∈ 1, n, Con(A i ) is B-normal, iff, for all i ∈ 1, n, A i has CBLP.
We say that A is local iff it has exactly one maximal congruence.
Corollary 4. 26 . If the algebra A is local, then the lattice Con(A) is Id-local.
Proof. Assume that A is local and let θ be the unique maximal congruence of A. Let α, β ∈ Con(A) such that α ∨ β = ∇ A . Assume by absurdum that α = ∇ A and β = ∇ A . Then, according to Lemma 2.2, (i) , it follows that α ⊆ θ and β ⊆ θ, thus α ∨ β ⊆ θ, which is a contradiction to the choice of α and β. Hence α = ∇ A or β = ∇ A . We recall that a normal algebra is an algebra whose lattice of congruences is normal.
Remark 4.30.
• Any algebra with CBLP is a normal algebra.
• Any local algebra is a normal algebra.
• Any bounded distributive lattice is a normal algebra. The first statement follows from Proposition 4.23, while the second follows from the first and Corollary 4.28, and the third follows from the first and Corollary 4.15.
Assume by absurdum that θ is a proper congruence of A, so that θ ⊆ φ 0 for some φ 0 ∈ Max(A), by Lemma 2.2, (i) . But then it follows that φ 0 = θ ∨ φ 0 = ∇ A , which is a contradiction to the fact that φ 0 is a maximal, and thus a proper congruence of A. Therefore θ = ∇ A . so that φ ∨ ψ = ∇ A and φ ∩ ψ = Rad(A) for some ψ ∈ Con(A). But the algebra A is normal, thus the lattice Con(A) is normal, hence there exist α, β ∈ Con(A) such that α ∩ β = ∆ A and Lemma 4.31 . We have obtained that α ∨ β = ∇ A and α ∧ β = ∆ A , thus α, β ∈ B(Con(A)). (v Rad(A) ) is surjective, hence Rad(A) has CBLP by Remark 4.5.
The following property generalizes property (⋆) for residuated lattices from [10] , [11] . Definition 4.33. We say that A satisfies the property (⋆) iff: for all θ ∈ Con(A), there exist α ∈ K(A) and β ∈ B(Con(A)) such that α ⊆ Rad(A) and θ = α ∨ β. Proof. Assume that A satisfies (⋆), and let φ, ψ ∈ K(A) such that φ ∨ ψ = ∇ A . Condition (⋆) ensures us that φ = α∨β and ψ = γ∨δ for some α, γ ∈ K(A) such that α ⊆ Rad(A) and γ ⊆ Rad(A), and some β, δ ∈ B(Con(A)). Then β ∨δ ∈ B(Con(A)) and β ∨δ ∨Rad(A) ⊇ β ∨δ ∨α∨γ = α∨β ∨γ ∨δ = φ∨ψ = ∇ A , so β ∨δ ∨Rad(A) = ∇ A , hence Proof. Assume that A satisfies (⋆), and let θ ∈ Con(A). Let φ ∈ Con(A) such that θ ⊆ φ. Then there exist α ∈ K(A) and β ∈ B(Con(A)) such that α ⊆ Rad(A) and φ = α ∨ β. We obtain:
Therefore A/θ satisfies (⋆). For the converse implication, just take θ = ∆ A , so that A/θ = A/∆ A is isomorphic to A.
Proof. Assume that, for all i ∈ 1, n, A i satisfies (⋆), and let θ ∈ Con(A). For all i ∈ 1, n, let 3.2, (ii) and (i), we have α ∈ K(A) and β ∈ B(Con(A)).
by Lemma 2.1 and Proposition 3.5, (i) , and
. Therefore A satisfies (⋆). Now assume that A satisfies (⋆), and, for all i ∈ 1, n, let
, by Lemma 2.1. Then there exist α ∈ K(A) and β ∈ B(Con(A)) such that α ⊆ Rad(A) and θ = α ∨ β. For each i ∈ 1, n, let α i = pr i (α) and β i = pr i (β). By Lemma 2.1, Proposition 3.2, (ii) and (i) , and Proposition 3.5, (i) , it follows that, for all i ∈ 1, n,
CBLP Versus BLP in Residuated Lattices and Bounded Distributive Lattices
In this section, we recall some results on the Boolean Lifting Property (BLP) for residuated lattices and bounded distributive lattices, as well as the reticulation functor between these categories of algebras, and obtain new results, concerning the relationships between CBLP and BLP in these categories, and the behaviour of the reticulation functor with respect to CBLP. From these results it is easy to derive notable properties concerning the image of the reticulation functor. We refer the reader to [1] , [8] , [12] , [13] , [15] , [24] , [26] for a further study of the results on residuated lattices that we use in this section. For the results on bounded distributive lattices, we refer the reader to [1] , [3] , [5] .
Throughout this section, all algebras will be designated by their underlying sets. We recall that a residuated lattice is an algebra (A, ∨, ∧, ⊙, →, 0, 1) of type (2, 2, 2, 2, 0, 0) such that (A, ∨, ∧, 0, 1) is a bounded lattice, (A, ⊙, 1) is a commutative monoid and every a, b, c ∈ A satisfy the law of residuation:
where ≤ is the order of (A, ∨, ∧). The operation ⊙ is called product or multiplication, and the operation → is called implication or residuum.
It is well known that residuated lattices form an equational class. A Gödel algebra is a residuated lattice in which ⊙ = ∧.
Next we shall recall some things about the arithmetic of a residuated lattice, its Boolean center, its filters and congruences, as well as the Boolean Lifting Property in a residuated lattice, and we shall prove several new results regarding these notions. Throughout this section, unless mentioned otherwise, (A, ∨, ∧, ⊙, →, 0, 1) shall be an arbitrary residuated lattice.
We recall the definitions of the derivative operations ¬ (the negation) and ↔ (the equivalence or the biresiduum) on the elements of A: for all a, b ∈ A, ¬ a = a → 0 and a ↔ b = (a → b) ∧ (b → a). We also recall that, for all a ∈ A and any n ∈ N, we denote: a 0 = 1 and a n+1 = a n ⊙ a.
Lemma 5. 1. [1] , [8] , [12] , [13] , [15] , [24] , [26] For any a, b ∈ A, the following hold:
A filter of A is a non-empty subset F of A such that, for all x, y ∈ A:
• if x, y ∈ F , then x ⊙ y ∈ F ;
• if x ∈ F and x ≤ y, then y ∈ F .
The set of the filters of A is denoted by Filt(A). (Filt(A) , ⊆) is a bounded poset, with first element {1} and last element A. Clearly, a filter equals A iff it contains 0.
The intersection of any family of filters of A is a filter of A, hence, for any X ⊆ A, there exists a smallest filter of A which includes X; this filter is denoted by [X) and called the filter generated by X. For every x ∈ A, [{x}) is denoted, simply, by [x) , and called the principal filter generated by x. Clearly, [∅) = {1} = [1), while,
where we make the convention that the product of the empty family is 1. Thus, for any
We denote by PFilt(A) the set of the principal filters of A.
For every F, G ∈ Filt(A), we denote by 
To every filter F of A, one can associate a congruence ∼ F of A, defined by: for all x, y ∈ A, x ∼ F y iff x ↔ y ∈ F . Let F be a filter of A. The congruence class of any x ∈ A with respect to ∼ F is denoted by x/F , and the quotient set of A with respect to ∼ F is denoted by A/F . Residuated lattices form an equational class, thus A/F becomes a residuated lattice, with the operations defined canonically. We shall denote by p F : A → A/F the canonical surjective morphism. Notice that 1/F = F . For any x, y ∈ A, x ≤ y implies x/F ≤ y/F , and x/F ≤ y/F iff x → y ∈ F . For any X ⊆ A, we denote by X/F = p F (X) = {x/F | x ∈ X}. We have:
By B(A) we denote the set of the complemented elements of the underlying bounded lattice of A, which, although not necessarily distributive, is uniquely complemented, and has B(A) as a bounded sublattice. Moreover, B(A) is a Boolean algebra. B(A) is called the Boolean center of A.
If B is a residuated lattice and f : A → B is a residuated lattice morphism, then f (B(A)) ⊆ B(B), thus, just as in the case of bounded distributive lattices, we can define B(f ) : B(A) → B(B) by: B(f )(x) = f (x) for all x ∈ B(A). Then B(f ) is a Boolean morphism. Hence B becomes a covariant functor from the category of residuated lattices to the category of Boolean algebras. We believe that there is no danger of confusion between this functor and the functor B from the category of bounded distributive lattices to the category of Boolean algebras.
Proposition 5.2. [15] Any residuated lattice is an arithmetical algebra and satisfies (H). 
Although it is known that h A is a bounded lattice isomorphism, we shall prove it here, for the sake of completeness.
Let us define g A : Con(A) → Filt(A), for all ∼∈ Con(A), g A (∼) = {x ∈ A | x ∼ 1}. Then g A is well defined, that is, for all ∼∈ Con(A), we indeed have g A (∼) ∈ Filt(A), because: 1 ∼ 1, thus 1 ∈ g A (∼), so g A (∼) = ∅, and, for all x, y ∈ A, the following hold: if x, y ∈ g A (∼), then x ∼ 1 and y ∼ 1, thus x⊙y ∼ 1⊙1 = 1, so x⊙y ∈ g A (∼); if x ∈ g A (∼) and x ≤ y, then y = x ∨ y, thus y ∼ x ∨ y ∼ 1 ∨ y = 1, so y ∈ g A (∼). Now let us prove that h A and g A are inverses of each other. For all
For any F, G ∈ Filt(A), the following hold: if
Thus h A is an order isomorphism between two bounded lattices, therefore h A is a lattice isomorphism between two bounded lattices, so h A is a bounded lattice isomorphism. Since the bounded lattice Filt(A) is distributive, it follows that Con(A) is also a bounded distributive lattice, so A is congruence-distributive (and, clearly, non-empty, since 0, 1 ∈ A). Now let (F i ) i∈I be a non-empty family of filters of A such that A ⊆ i∈I
, which means that there exist n ∈ N * and x 1 , . . . ,
Therefore A is a compact element of the bounded distributive lattice Filt(A). Since Filt(A) is isomorphic to Con(A), it follows that ∇ A is a compact element of the bounded distributive lattice Con(A), which means that A fulfills the hypothesis (H). Until mentioned otherwise, F will be a filter of A, arbitrary but fixed. We shall denote by δ F : Filt(A) → Filt(A/F ) the function defined by: for all
(iii) δ F is well defined and it is a bounded lattice morphism.
(iv) The following diagram is commutative:
}, since any product of a finite family of elements of F belongs to F , and the converse is trivial; we shall be using this property repeatedly in what follows. Let b ∈ A such that b/F ∈ [a/F ). Then a n → b ∈ F for some n ∈ N, thus there exists an x ∈ F such that a n → b = x, so x → a n → b, hence a n ⊙ x ≤ b by the law of residuation,
In what follows, we shall be using the law of residuation without mentioning it. Now let b ∈ A such that b/F ∈ ([a) ∨ F )/F . Then there exist n ∈ N and x ∈ F such that a
. , x n ∈ J) (∃ y 1 , . . . , y k ∈ K) ((x 1 ⊙ . . . ⊙ x n )/F ⊙ (y 1 ⊙ . . . ⊙ y k )/F ≤ a/F )} = {a/F | a ∈ A, (∃ x ∈ J) (∃ y ∈ K) (x/F ⊙ y/F ≤ a/F )} = {a/F | a ∈ A, (∃ x ∈ J) (∃ y ∈ K) ((x ⊙ y)/F ≤ a/F )}. If x, y, a ∈ A such that x ⊙ y ≤ a, then (x ⊙ y)/F ≤ a/F , thus (J ∨ K)/F ⊆ J/F ∨ K/F . Now let a ∈ A such that a/F ∈ J/F ∨ K/F , thus there exist x ∈ J and y ∈ K such that (x ⊙ y)/F ≤ a/F , that is (x ⊙ y) → a ∈ F , so (x ⊙ y) → a = z for some z ∈ F , thus z ≤ (x ⊙ y) → a, that is x ⊙ y ⊙ z ≤ a. We have: x ∈ J, y ∈ K and z ∈ F ⊆ K, thus y ⊙ z ∈ K. So a/F ∈ (J ∨ K)/F . Therefore (J ∨ K)/F = J/F ∨ K/F . (iii) For all G ∈ Filt(A), G∨F ⊇ F , thus (G∨F )/F ∈ Filt(A/F ), so δ F is well defined. δ F ({1}) = ({1}∨F )/F = F/F = {1/F }; δ F (A) = (A ∨ F )/F = A/F . Now let G, H ∈ Filt(A). By (ii), we have:
. By the distributivity of the lattice of filters of a residuated lattice, we have: 
Proof. Let G ∈ Filt(A). Then h A/F (δ F (G)) = h A/F ((G ∨ F )/F ) =∼ (G∨F )/F = {(x/F, y/F ) | x, y ∈ A, x/F ↔ y/F ∈ (G ∨ F )/F } = {(x/F, y/F ) | x, y ∈ A, (x ↔ y)/F ∈ (G ∨ F )/F } and u ∼ F (h A (G)) = u ∼ F (∼ G ) = (∼ G ∨ ∼ F )/ ∼ F = (h A (G)∨h A (F ))/ ∼ F = h A (G∨F )/ ∼ F =∼ G∨F / ∼ F = {(x/ ∼ F , y/ ∼ F ) | x, y ∈ A, (x, y) ∈ / ∼ G∨F } = {(x/F, y/F ) | x, y ∈ A, x ↔ y ∈ G ∨ F }. For any x, y ∈ A, if x ↔ y ∈ G ∨ F , then (x ↔ y)/F ∈ (G ∨ F )/F ; conversely, if (x ↔ y)/F ∈ (G ∨ F )/F , then (x ↔ y)/F = z/F for some z ∈ G ∨ F , thus (x ↔ y) ↔ z ∈ F , so, since (x ↔ y) ↔ z ≤ z → (x ↔ y), it follows that z → (x ↔ y) ∈ F , that is z → (x ↔ y) = t for some t ∈ F , hence t ≤ z → (x ↔ y), thus t ⊙ z ≤ x ↔ y, with t ∈ F ⊆ G ∨ F and z ∈ G ∨ F , hence t ⊙ z ∈ G ∨ F , thus
Proposition 5.9. (i) For every filter F of A: F has BLP iff ∼ F has CBLP.
(ii) A has BLP iff A has CBLP. 5.7, (v) , we get that: F has BLP iff B(δ F ) is surjective iff B(u ∼ F ) is surjective iff ∼ F has CBLP. (ii) By (i) and the fact that h A : Filt(A) → Con(A), for all F ∈ Filt(A), h A (F ) =∼ F , is a bijection.
Definition 5. 10. [11] A is a Gelfand residuated lattice iff any prime filter of A is included in a unique maximal filter of A.
Proposition 5.11. [11] A is Gelfand iff the lattice Filt(A) is normal.
Corollary 5.12.
A is Gelfand iff the lattice Con(A) is normal.
Proof. By Proposition 5.11 and the fact that the bounded distributive lattices Filt(A) and Con(A) are isomorphic.
The following corollary is part of [11, Theorem 6.20 ], but here we provide a different proof for it, by using the equivalence between CBLP and BLP in residuated lattices.
Corollary 5. 13 . Any residuated lattice with BLP is Gelfand.
Proof. By Proposition 5.9, (ii) , Proposition 4.23, Corollary 5.12 and the trivial fact that any B-normal lattice is normal.
